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1. Attempt the following :

() (1) State and prove open mapping theorem. 8
(t1) State and prove Hahn-Banach theorem. 7

Or
b) If M is closed linear subspace of normed linear space N, then prove

N ; . .
that —={x+M |x € N} is a normed linear space with respect to the

M
norm defined as : 15

lx + M| = inf {||x +ml|:ne M}

N
Moreover prove that, — is a Banach space if N is a Banach space.

P.T.O.

4A200F3A17E7C68AB1CD4CE97803C08B



2.

( 2) NY—18—2023
Attempt the following :
(@) (@) Define orthonormal set. State and prove Bessel’s inequality for
finite orthonormal set. 8
(11) State and prove parallelogram law. 7
Or
b) () State and prove Riesz-Representation theorem. 8
(@) Show that the mapping yv:H—>H* defined by
vy=f, VyeH, where f,eH* is defined as
f@)=<x,y> VxeH IS 7
@) one-one
(zz)  additive
(zzi) non-linear
(fv) onto
(v)  isometry.
Attempt the following :
(@) Define adjoint of an operator. If T *e B(H), then prove that : 15

@ (Ty + To* = Ty* + Ty*

@  (oD)* = aT*
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@) (T{To)* = To*T,*
(Gv) (T*)* = T** = T
@ Tl =T *
@) |17 =TI
Or
b) Define invariant subspace.

(@) Show that, a closed linear subspace M of H is invariant under

an operator T iff M* is invariant under T*. 8

(@)  Show that, a closed linear subspace M of H reduces an operator
T iff M is invariant under both T and T*. 7

4. Attempt the following :

(a) @) Let T be an arbitrary operator on H and A, 4,,....... A, are the
eigen values of T. M;, M,, ........ M,, are the corresponding eigen
spaces and P{, P, ....... P, are the projections on these eigenspaces.

If M;’s are pairwise orthogonal and M,'s spans H, then prove that,

P;'s are pairwise orthogonal, T = iP_ and T = ZKL.PZ.. 8
i i-1

i=1

(@) If T is normal operator on H, then show that, M;'s spans H. 7

P.T.O.
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Or

() (@)  If P;'s are pairwise orthogonal and I=) P, and T=> 1, P,

i-1 i-1
then prove that T is normal. 8

@)  If T is normal operator on H, then show that, M,'s are pairwise

orthogonal. 7

5. Attempt any three of the following : 5 marks each

(@) Show that, vector addition and scalar multiplication are jointly
continuous

b) Show that, the closed convex subset C of a Hilbert space H contains

a unique vector of smallest norm.

() If T is an arbitrary operator on H and if o, B are scalars such that

lal = |B|, then show that, oT + BT* is normal operator on H.
d) Define :

@) Eigen value

(@)  Eigen vector

(ziz) Eigen space.
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